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Abstract. In the previous paper the author proved that the spectral set of the Rie-
mann zeta-function in the critical strip is the real line. In this note we will discuss properties
derived from this fact.
1. Introduction
Let ϕ be a measurable function on R satisfying the condition∫ ∞
−∞
|ϕ(t)|e−u|t |dt < ∞ (1)










for u < 0. From the condition (1) it follows that Φ+ is analytic on the half plane u > 0,
and Φ− is analytic on the half plane u < 0.
Here we recall a definition of the spectral set of ϕ introduced in Wermer [9] which
is closely connected with a definition of that in Beurling [1]. When Φ+ and Φ− do not
continue to each other analytically, it is said that the spectral set of ϕ is R. Otherwise, Φ+
and Φ− continue to each other analytically through some subset of the imaginary axis. Let
us denote the continued function by Φ. Then the spectral set of ϕ is defined to be the set of
all λ ∈ R such that iλ is a singularity of Φ. We denote the spectral set of ϕ in this sense by
S1(ϕ).
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It is known that S1(ϕ) is identical to the complement of the union of all open intervals such
that on any closed interval contained in it Uϕ(u, v) converges uniformly to 0 as u → +0.
For the proof we can refer to Beurling [1] or Lemmas 1 and 2 of Nyman [7].
Let ζ(σ + it) be the Riemann zeta-function and ζσ be the function defined by ζσ (t) =
ζ(σ + it). The author proved in [5] that for 0 < σ < 1
lim
u→+0 Uζσ (u, v) = −2πe
−(1−σ)v
holds uniformly on any closed interval contained in the complement of {− log n}∞n=1. Since
spectral sets are closed, this derives that
S1(ζσ ) = R . (2)
In this note we will discuss properties derived from (2).
The author would like to thank the referee for kind comments.
2. The spectral set of bounded functions
Let us firstly recall the several definitions of the spectral set of ϕ ∈ L∞, where L∞ is
the space of all essentially bounded measurable functions on R.
For ϕ ∈ L∞ the condition (1) is obviously satisfied, and so we can consider S1(ϕ);
this is the first definition of the spectral set.
The second definition of the spectral set is as follows. Let L1 be the space of all
integrable functions on R. The spectral set of ϕ, S2(ϕ), is defined to be the set of all λ ∈ R
such that f̂ (λ) = 0 for all f ∈ L1 with f ∗ ϕ = 0, where f̂ is the Fourier transform and
f ∗ ϕ is the convolution.
The third definition of the spectral set is as follows. The spectral set of ϕ, S3(ϕ), is
defined to be the set of all λ ∈ R such that eiλt is in the weak* closure of the linear span of
all translates of ϕ in L∞.
The fourth definition of the spectral set is as follows. Let Λ be a closed set in R such
that f ∗ϕ = 0 for all f ∈ L1 with f̂ = 0 on Λ. Then the spectral set of ϕ, S4(ϕ), is defined
to be the intersection of those Λ.
The fifth definition of the spectral set is as follows. Let Λ be a closed set in R such
that ϕ is in the weak* closure of the linear span of eiλt , λ ∈ Λ, in L∞. Then the spectral
set of ϕ, S5(ϕ), is defined to be the intersection of those Λ.
These definitions of the spectral set are well-known in the study of spectral sets, and
we can see these definitions (implicitly) in Wermer [9]. We can refer to a nice exposition
in Helson [6] for the theory of spectral sets.
The definitions of S1(ϕ), S2(ϕ), S3(ϕ), S4(ϕ), and S5(ϕ) are equivalent. The equalities
S2(ϕ) = S3(ϕ) and S4(ϕ) = S5(ϕ) come from the fundamental property: let Γ be a weak*
closed subspace of L∞ and ϕ0 /∈ Γ . Then there exists an f ∈ L1 such that (f ∗ ϕ)(0) = 0
for every ϕ ∈ Γ and (f ∗ϕ0)(0) = 1. This property is based on the fact that L∞ is identical
to the dual of L1 in the sense of mapping ϕ → (f ∗ϕ)(0), the definition of weak* topology,
and the Hahn-Banach theorem. We can refer to [6] p.154 for the proof of S2(ϕ) = S3(ϕ),
and the argument is also applicable to the proof of S4(ϕ) = S5(ϕ).
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The equality S2(ϕ) = S4(ϕ) strongly depends on the structure of L1. For the proof we
can refer to Theorem 3 of Wermer [9] which is a result more general than that of L1.
The equality S1(ϕ) = S2(ϕ) can be derived from the results in Beurling [2] and [3]. In
fact the inclusion S1(ϕ) ⊂ S2(ϕ) has exactly obtained in [3]. For this proof the following
result in [2] is used.
THEOREM 1 (Beurling). Let [a, b] be a closed interval. Let K be a measurable
function on R such that ∫ ∞
−∞
|K(y)||y|1/2dy < ∞ ,
and the support of K̂ is contained in [a, b]. Let ϕ be an essentially bounded measurable
function on R such that ∫ b
a
|Uϕ(u, v)|2dv ≤ C < ∞
holds for every positive u. (Under this condition the limit Uϕ(0, v) = limu→+0 Uϕ(u, v)
exists for almost all v ∈ (a, b).) Then K ∗ ϕ belongs to L2 and its Fourier transform has
the property
̂K ∗ ϕ(v) =
{
K̂(v)Uϕ(0, v) , v ∈ (a, b)
0 , v /∈ (a, b) .
Theorem 1 also derives S2(ϕ) ⊂ S1(ϕ). This inclusion is not exactly mentioned in [3],
so the author wants to give a proof of it here for the convenience of readers.
Suppose λ be in S2(ϕ) but not in S1(ϕ). Then for some small ε0 > 0 the closed
interval [λ − ε0, λ + ε0] is contained in the complement of S1(ϕ), and so the uniform limit
Uϕ(0, v) = limu→+0 Uϕ(u, v) = 0, v ∈ [λ − ε0, λ + ε0], exists. Let K be a function with
the integral condition in Theorem 1 such that the support of K̂ is contained in [λ−ε0, λ+ε0]
and K̂(λ) = 0. Then from Theorem 1 it follows that ̂K ∗ ϕ = 0, and so K ∗ ϕ = 0. Hence
λ is not in S2(ϕ). The contradiction proves S2(ϕ) ⊂ S1(ϕ).
3. The spectral set of unbounded functions
The function ζσ (t), 0 < σ < 1, is not bounded on R, but is of polynomial order for
|t| (for example, see Theorem 8.12 and p. 96 of Titchmarsh [8]). Hence the condition (1) is
satisfied, and so we can consider S1(ζσ ). To define the spectral sets of ζσ in the analogous
sense of S2, S3, S4, and S5, we need to consider how to choose a suitable space B (including
ζσ ) instead of L∞. From the discussion in the previous section we require at least that
(I) the space B is the dual of a certain Banach space A in L1 in the sense of mapping
ϕ ∈ B → (f ∗ ϕ)(0), f ∈ A,
and
(II) B is the space that the extended definitions of S2 and S4 should be equivalent.
Beurling’s algebra A2 and its dual B2 introduced in [4] satisfy the properties (I) and
(II). The space B2 is defined to be the set of all measurable functions ϕ on R which are L2
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We omit to write the definition of A2 (see [4] for details).
The property (I) forA2 andB2 comes from Theorem I and II of [4]. From this property
we have the fundamental property: let Γ be a weak* closed subspace of B2 and ϕ0 /∈ Γ .
Then there exists an f ∈ A2 such that (f ∗ϕ)(0) = 0 for every ϕ ∈ Γ and (f ∗ϕ0)(0) = 1.
Let us now define the spectral sets of ϕ ∈ B2, S2(ϕ), S3(ϕ), S4(ϕ), and S5(ϕ), by replacing
L1 and L∞ in the definitions in the previous section by A2 and B2. Then we see that
S2(ϕ) = S3(ϕ) and S4(ϕ) = S5(ϕ) by the fundamental property.
The property (II) for A2 and B2 comes from Theorem 3 of Wermer [9]. We use the
corollary of Theorem 2 and Theorem 3 of [9] to get the property (II) (A2 and B2 are in the
class considered in [9]). Let us verify the inequality ‖e−u|t |‖A2 ≤ Cu−1, C is a certain
constant, which implies the assumption of the corollary of Theorem 2 of [9]. By the Hahn-
Banach theorem,
‖e−u|t |‖A2 = sup
0 =ϕ∈B2
|(e−u|t | ∗ ϕ)(0)|
‖ϕ‖B2
,
and, by integration by parts and the definition of B2,






































































for every ϕ ∈ B2, where C is a certain constant. Hence we have ‖e−u|t |‖A2 ≤ Cu−1, and
the property (II) follows from the corollary of Theorem 2 and Theorem 3 of [9].
Thus, we see that S2(ϕ) = S3(ϕ) = S4(ϕ) = S5(ϕ).
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It seems difficult to get the equality S1(ϕ) = S2(ϕ) by the same way as in the previous
section, because an extension of Theorem 1 for functions in B2 has not been obtained.
However, the inclusion S1(ϕ) ⊂ S5(ϕ) has been proved in p. 546, l. 10–11 of [9] by a
different way, and so we see that
S1(ϕ) ⊂ S2(ϕ) = S3(ϕ) = S4(ϕ) = S5(ϕ) (3)
for ϕ ∈ B2.
4. The main result
An advantage of considering S1(ϕ) is that the definition depends only on ϕ. The result
(2) is derived by elementally calculations combined with properties of the Riemann zeta-











holds (for example, see Theorem 7.2 of [8]), and so the function ζσ , 1/2 < σ < 1, is an
element of B2. Hence we have by (2) and (3) that
R = S1(ζσ ) = S2(ζσ ) = S3(ζσ ) = S4(ζσ ) = S5(ζσ ) .
This derives the following.
THEOREM 2. Let 1/2 < σ < 1. Then the following properties hold.
(i) The weak* closure of the linear span of all translates of ζσ in B2 is identical to
B2.
(ii) Let Λ be a set whose closure in R is not equal to R. Then ζσ is not in the weak*
closure of the linear span of eiλt , λ ∈ Λ, in B2.
The statement (ii) follows immediately from R = S5(ζσ ). The statement (i) comes
from R = S3(ζσ ) and the following argument. Let Γ be the weak* closure of the linear
span of eiλt , λ ∈ R, in B2. Since R = S3(ζσ ), the weak* closure of the linear span of all
translates of ζσ in B2 contains Γ . Suppose Γ = B2. Let ϕ0 ∈ B2 and ϕ0 /∈ Γ . Then, by
the fundamental property mentioned in the previous section, there exists an f ∈ A2 such
that (f ∗ ϕ)(0) = 0 for every ϕ ∈ Γ and (f ∗ ϕ0)(0) = 1. This follows that f̂ (λ) = 0 for
every λ ∈ R and (f ∗ϕ0)(0) = 1. Hence f = 0 and (f ∗ϕ0)(0) = 1, but this is impossible.
This completes the proof of (i).
References
[ 1 ] A. Beurling, Sur les spectres des fonctions, Colloques internationaux du centre national de la recherche
scientifique, Analyse harmonique, XV, Nancy, 1947, 9–29.
[ 2 ] A. Beurling, Sur la composition d’une fonction sommable et d’une fonction bornée, C. R. Acad. Sci.,
Paris, 1947, 274–275.
[ 3 ] A. Beurling, Sur une classe de fonctions presque-périodiques, C. R. Acad. Sci., Paris, 1947, 326–327.
[ 4 ] A. Beurling, Construction and analysis of some convolution algebras, Ann. Inst. Fourier (Grenoble) 14
(1964), 1–32.
144 Y. KAMIYA
[ 5 ] Y. Kamiya, On spectrums of certain harmonic functions attached to the Riemann zeta-function, Acta
Math. Hungar. 105 (2004), 103–114.
[ 6 ] H. Helson, Harmonic Analysis, Addison-Wesley, 1983.
[ 7 ] B. Nyman, On the one-dimensional translation group and semi-group in certain function spaces, Thesis
Uppsala, 1950.
[ 8 ] E. C. Titchmarsh, The Theory of the Riemann Zeta-function, 2nd ed., Clarendon Press, Oxford, 1986.
[ 9 ] J. Wermer, On a class of normed rings, Ark. Mat., 2 (1953), 537–551.
Address of the author:
19–4 Nishinobo Daiwa-cho
Okazaki-city Aichi 444–0931
Japan
email: kamiya-9@m3.catvmics.ne.jp
